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dimensional real Lie algebra g whose roots may be viewed as elements of L. We record some facts about this vertex operator algebra, most of which can be found in 4] (see in particular 8.7.13, 8.7 .20 and corollary 8.6.3) . Recall that as part of the structure of V(L) we have an action of the Virasoro algebra vir, with generators L n (n 2 Z) together with the central generator C (acting by scalar multiplication).
The following omnibus result contains useful basic properties of the action of g on V(L). Proposition 1.1.
(1) The action of g b g on V (L) commutes with the action of vir, i.e., L n ; x] = 0 (n 2 Z; x 2 g):
In particular, we have x! = xL ?2 1 = L ?2 x1 = 0 (x 2 g): ( 2) The action of g is compatible with the natural Hermitian structure on V(L), in the sense that its elements act as Hermitian operators. the basic representation of su (2) gives a particularly important example of a vertex operator algebra, V = V(A 1 ). This time, the Lie group acting is of course SU(2), which acts unitarily on V. We will describe the invariant vertex operator algebra V SU (2) . There are several ways to determine the action of SU(2) on V. We proceed as follows. Let h; e; f be generators for the complexi cation sl(2) of su (2) The Cartan subalgebra of the a nization su (2) is the 3-dimensional abelian subalgebraĥ = C fh; c; dg. We could determine the character of the basic representation onĥ using the Ka c character formula, however, it is perhaps more instructive to use a direct approach. '(q) :
Notice that the invariant vertex operator algebra V SU(2) = V 0] = V 0 has graded dimension
Moreover, each V 2m is an irreducible module over V SU (2) (since it is irreducible over vir).
To construct highest weight vectors for SU(2) which are also highest weight vectors with respect to the Virasoro algebra vir, hence generators over V SU (2) , we proceed as follows. It is easily checked that for each k > 0, the element e k = e k 1 satis es e e k = 0 and h e k = 2ke k : Hence, e k is a highest weight vector for a copy of the irreducible W k . Since this irreducible rst occurs in weight k 2 with multiplicity 1, e k must be a highest weight vector for vir. But then all of the elements f r e k (r = 0; : : : ; k) are weight vectors for SU(2) and highest weight vectors for vir. The totality of vectors obtained this way accounts for the`singular vectors' with respect to vir described in 8], lemma 6.1, at least for even values of m. Later, we will show that this procedure also works for other cases. x3 The case of SU(`+ 1).
In this section we will generalize the results for SU (2) to SU(`+ 1), using the following result found in 6]. Proposition 3.1. (see 6], exercise 12.17). Let L be a root lattice of type A`(`> 1), D`(`> 4) or E`(`= 6; 7; 8). Then if g is the associated simple Lie algebra, as a g-module, the graded vector space V(L) has occurrences of the representation W( ) for 2 L + with multiplicity given by the q-series
Here L + is the set of roots which are also dominant weights for g, and is half the sum of al the positive roots, also characterised by the requirement that ( ; i = 1 for each positive simple root i .
In this section we use the case of A (1) . The result we require says the following for the basic representation of \ su(`+ 1), whose highest weight is 0 satis ying 0 ( To determine the invariants under the action of SU(`+1), we take = 0 and obtain In the case where`= 1, we recover our earlier result. Notice that where we set r 0 = 0 = r`+ 1 . The calculation of ( j )=2 is straightforward.
We may write V(A`) ] for the summand of V(A`) corresponding to the irreducible W( ); this decomposes as
where V(A`) denotes the highest weight V(A`) SU(`+1) -submodule generated by a highest weight vector for SU(`+ 1 implying that Y(e ; z)e = E ? (? ; z)z ( j ) e + ; which has no terms in negative powers of z. Hence e e = 0 which means that e is a highest weight vector. From e we can produce a basis of weight vectors for a copy of the irreducible W( ), each of which generates a module over V(A`) SU(`+1) . x4 The case of D`.
In this section, we give the character of the invariant vertex operator subalgebra for the case of D`(`> 3) for which the associated compact group is Spin(2`). Actually, we could equally well use SO(2`) since all weights occurring are again in the root lattice. Again we use Proposition 3.1. First we recall some relevant facts.
Viewing D`as a subgroup of R`, equipped with the standard orthonormal basis fe 1 ; : : : ; e`g, the simple roots are i = e i ? e i+1 (1 6 i 6`? 1) and `= e`? 1 + e`: The set of positive roots is + = fe i ? e j ; e i + e j : 1 6 i < j 6`g:
The following identities hold for elements of + : For positive roots we have ( je i ? e j ) = j ? i; ( je i + e j ) = j ? i + 2(`? 1 ? j) + 2 = 2`? i ? j: for 1 6 i < j 6`. For r in the range 3 6 r 6 2`? 1, the number of solutions of j ? i = r in this range is`? 1. For s in the range 1 6 s 6 2`? 3, the solutions of 2`? i ? j = s in the above range are determined by the values of i in the range i < 2`? s ? i 6`which is equivalent to `? 2t Simliar considerations apply to the case of the root lattices E 6 , E 7 and E 8 . We record only the dimensions of the invariant vertex operator subalgebras for each E`, obtained using the symbolic algebra programme Maple with the aid of J. Stembridge's package Root Systems and Finite Coxeter Groups.
Theorem 5.1. For`= 6; 7; 8, the graded dimensions of the E(`)-invariants in V(E`) are given by dim q V(E 6 ) E(6) = (1 ? q) 6 x6 Weight spaces in abelian intertwining algebras associated to dual lattices.
In 1], the notion of vertex operator algebra was extended to that of an abelian intertwining algebra. In particular, associated to a positive de nite integral lattice L with dual lattice L 0 is an abelian intertwining algebraṼ(L) which is the direct sumṼ (L '(q) :
We leave the details of other cases to the reader. x7 The structure of the invariants as a module over the Virasoro algebra.
By the commutativity of the action of G with the Virasoro algebra vir generated by the conformal vector !, the invariant subvertex operator algebra V(L) G is a vir-submodule. In the case L = A 1 , it is even cyclic over vir, but for L = A`; D`; Eì n general this is not so.
x8 Constructing invariant elements using generalized Casimir operators.
We assume that g is a nite dimensional simple Lie algebra over C . Then the a nization b g has the following description. As a complex vector space, b g = g t; t ?1 ] C c C d:
We set g(n) = gt n b g and x(n) = xt n for x 2 g. The bracket for elements x(m); y(n) 2 g t; t 
